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Integral equations
| Klxyutade = £(»)

for given K: X x Y =R, f: Y — R and unknown v : X — R.
Discretization gives

ZK xi, yp)u(xi) = f(yj)



Typical situation of BEM:
@ X, Y are 2 parts of a 3D mesh
@ May or may not be well-separated
o For instance,

1
K =
N =k



When X and Y are well-separated, K(x,y) = m is smooth and hence

low-rank.
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The problem

Given X = {x1,...,xm}, Y ={»,...,yn} and K: X x Y — R, build a low-rank
representation of Kjj = K(x;,y;), i.e.

K~ USVT

for U e RM*r v ¢ RV*r S e RF>".
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Low-Rank Kernel Approximation

Naive Solution

Naive idea
e Compute Kjj = K(x;,yj) - O (MN)
o Rank-revealing QR - up to O (MNr)
Bottleneck is O (MN) complexity.



Main Idea

Main idea

@ Assume we are given
,

K(x,y) = Z up(x)vp(y)

p=1

@ Then we immediately have

Kij =~ up(xi) vp(y;) E :U'PVJP

p=1

@ How to compute u,(x) and v,(y) ?



Low-Rank Kernel Approximation

Interpolation !




Low-Rank Kernel Approximation

Quick Review

Given a function f : X C R? — R we can write
B K
F(x) ~ F(x) =) F(%) Ti(x)
k=1

where xi are interpolation nodes and T, Lagrange basis functions, i.e.
Tk()_(k) = 1, Tk()_(,') =0fori 75 k.

This directly implies (interpolation)



Low-Rank Kernel Approximation

Low-Rank Kernel Approximation

Given this, write

We have an interpolation scheme on X x Y since

K (X, 1) = K(Xk, 31)-

10



Low-Rank Kernel Approxi i

Low-Rank Kernel Approximation

L
> R()K (i 71) Tily)
=1

| | K (X1, y1)
R1|(x) . |(x)]

Mx

x
Il
—

rank ro = min(K, L)
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Low-Rank Kernel Approximation

Given such representation, complexity becomes
O (MK + KL+ LN) = O (ron)

versus
O (MKr) ~ O (rn?)

before.
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Low-Rank Kernel Approximation

Recompression

Given _ _
K=RKT" rank K=ry

we further recompress K as

K = (QrRR)K(QTRT)"
= Qr(RRKR7)QT
= QrUk Sk VK Q1
= (QrUK)Sk(QTVk) "
=Uusv’

where rank K = ry.  This requires ~ O (nror1) + O (r3r1) work.



One Thing Left Unanswered

Interpolation

How to obtain the (multivariate) interpolation ?
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Multivariate Polynomial Interpolation

Univariate Polynomial Interpolation

@ The best way to interpolate a smooth function f on [a, b] using polynomials
is to use Chebyshev-like type of nodes that cluster to the boundary

o Eg.
X *a+b+biacos 2k717r k=1 n
kKT 2 2n T

@ Using barycentric formula (for stability), this implies

Wk
f(x) ~ f(x f(Xe) ==—%—
Z Z_/:lejx_j
————
=Tk(x)
with
i 1
’ Hk;éj()_( Xic)
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Multivariate Polynomial Interpolation

Multivariate Polynomial Interpolation

If X =Hh x -+ x lg where I; = [a;, b;] then use a sequence of univariate
interpolation rules

f(x) ~ f(x Z Z Tia(x1) - Tiy(xa) F (315 -5 Xa)

Ki
ki=1 kqg=1
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Mappings

Basic idea

Find a mapping X € RY — R such that
R211X'~'X/d/

and such that R is "small"
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Mapping 1: Box

Find a box aligned with the data X = {x1,...,xm} using PCA:
@ Translate points to the origin X; = x; — ¢ where c is the center
e Compute the axis of the box as the eigenvector of the covariance matrix
Gi=%'%

o Compute the length of each axis
Works well if points lie on planes (d’ < d) or almost planar surfaces.
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Mapping 2: Ellipsoid

Find an ellipsoid tightly fitting the data

o In general
f(x)=(x— XC)TA(X —x)=1

Find x. by taking the mean of the data
Find A by

n

V = argmin,_,r Z ((xi — xo) TAGG — xc) — 1)2
i=1
o A= PAPT gives the axis (p;) and the length (ﬁ) of the ellipsoid

@ In 3d, use this to build a polar coordinate representation of the data,
minimizing the range of every coordinate
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_____Numcrical Results |
Algorithm

o Given
o K: X xY =R,
o {x1,...,xm}C Xand {y1,...,yn} C Y
o Test points {X1,..., X} C X and {}1,...,yw} C Y
Mappings My : X — [} x -« x I% and M, : Y — I} x -« x I}
e Tolerance ¢
e Start with n, =[0,0,...,0] € N% and n, =[0,0,...,0] € N% and build
K,,X,,,y interpolating K(M,*(-), M, *(-)).
o While € > 4,
e Forz={x,y} andfori=1,...,d;
o Increase n[i] by 1 and build temporary Kp, n,
|‘Knx.ny(>~(a}7)_K(>~(aJ~’)H

° = o

2! K&
o Pick (z,i) = argmin_ ;e ;
@ €= €z

o n,[i] = n,[i] + 1, update K,
@ This gives R,,Xyny of rank rgy

x5 Ny

@ Recompress to get K,’, , of rank r;.

x, N



Experiments

2d and 3d geometries
Multiple radial kernels
Compare to optimal low-rank factorization (SVD)

Re-compression (from rank ry to r1) always brings the rank very close

(~ 5 —10% max) to the optimal value (r) and is ommited in plots, where we
show ry (before recompression, for usual method "Tensor" and more involved
"Sparse Grids") and the optimal rank r

Sparse Grids ideas (i.e. removing some well-choosen nodes from Tensor) also
used
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Parallel Plates: 1/r

Parallel plates distance 1 - 1/r
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Parallel Plates: Sparse Grids
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Parallel Plates: r?log(r)
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Parallel Plates: 1/r?

Parallel plates distance 1 - 1/r~2
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Parallel Plates - Increasing the Distance: 1/r

Parallel plates distance 3 - 1/r
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Perpendicular Plates: 1/r
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Perpendicular

100

Plates: v/1 + r2

Perpendicular plates - sqrt(1+r"2)

80 K

60 |-

40t

20

Tensor
Sparse Grids

— Optimal Rank | |

100'10

10° 10® 107 10°® 10° 10* 10° 102 107

28



45° Plates: 1/r
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45° Plates: r3
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Ellipsoid 2d: 1/r
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Ellipsoid 2d: r?log(r)
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Ellipsoid 3d: 1/r
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Ellipsoid 3d: /1 + r?
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Torus 2d: 1/r

50 x 50 = 2500 points per partition
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Torus 2d - A: 1/r

Torus Angle 2 - 1/r
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Torus 2d - B: 1/r

Torus Angle 8 - 1/r
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Torus 2d - C: 1/r
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Conclusion

Low-Rank Kernel Matrix Approximation

Method to approximate kernel matrices
Independant of the size of the matrix
Independant of the geometry, ...

but requires a tight parametrization of the surface

Can be improved by removing some well selected nodes ("Sparse Grids")
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Conclusion
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Additional Results

Parallel Plates: v/1 + r?
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Additional Results

Parallel Plates: r3

Parallel plates distance 1 - r™3

180 T T T
— Tensor
160 - - Sparse Grids |
N — Optimal Rank

1401 '\ 1

\

\
120} AN i

N
AY
Ay

100 N E

0 L L L L L L L L
10  10° 10® 107 10® 10° 10% 10@% 10%

43



Torus 2d - A: Accuracy
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Torus 2d - B: Accuracy
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Torus 2d - C: Accuracy
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