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Problem and Motivation

* Ax =b, Ais sparse and (typically) from PDE’s
* Generic and algebraic (€ only) and scalable (multilevels, O(N log N))
* Direct methods: too expensive

* Preconditioner: custom and sometimes hard to generalize




Sparse Linear Systems (1)
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Sparse Linear Systems
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Sparse Linear Systems (3)

i
A

7NN

8\
7NN .
7 TN\

/ 47 NN \\&\\

///4%;{////, \\\\\g\\\\\\\\\\
/ 7 \ \\\\\\\\\\\\\ \
//// Z
/,/% / N

777 BORRG \\\.,\\ \
ot S ———

C o of 4 o _u"s),/;;;z;
NN\ =7
N\N\writZ 2

717
\ /t:,’/’!" /,// /

4




Sparse Linear Systems (4)




Nested Dissection
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Too much fill-in!
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Factoring n® = N3

takes O(N?)



Nested Dissection
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Sparsification

SVDs of A,
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All together: spaND (1)
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All together: spaND
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All together: spaND (3)
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All together: spaND (4)




All together: spaND (5)
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All together: spaND (6)




General spaND

Forlevelk=1, .., L o Fill-in;
* Eliminate interiors (LL", LDL', PLU, PLUQ) limited by separators
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Stability
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SPE10

(3D V - (a(x)Vu) Poisson-like, SPD)

Time to solution
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spaND

Red, white = spaND variants
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All >50k SPD problems from SuiteSparse, except 2 that didn’t converge in <500



Advection Diffusion
(3D FD aAu + bVu = f, Dirichlet, a = 1072, b = 1, Unsymmetric)
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Advection Diffusion
(3D FD aAu + bVu = f, Dirichlet, a = 1072, b = 1, Unsymmetric)

Factorization time

—o—c=10"1
—m— Direct

| L | |

10° 106
N

107

103
102

101

Solve time

[ 1111

|—o—e=10""

O(N)

10°

106 107
N



- Fault sparsified when neighbors eliminated
Fault Problems " Fault eliminated Ias

K>0 cr

With Bazyli Klockiewicz



Fault Sparsification

Before sparsification
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Visualization from Tanay Sonthalia



Fault Sparsification

Diagonal of RRQR’s R for all blocks

= Cluster 1198 (Level 4)
Cluster 1200 (Level 4)
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Isotropic Fracture Problems

(3D FE, 1 fault, symmetric, not SPD, many singular blocks)
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ILU = I1LU(20, 10-3) + S_LSC
spaND = 0.05 RRQR + near kernel approx.
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With Bazyli Klockiewicz



Isotropic Fracture Problems

(3D FE, 1 fault, symmetric, not SPD, many singular blocks)

Factorization time Solve time
—e—spalND 103 H—* spalND ]
-—u— [LU -—u— [LU
104 5
10% E
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109 | |
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Matrix size Matrix size

ILU = ILU(20, 103) + S_LSC

spaND = 0.05 RRQR + near kernel approx With Bazyli Klockiewicz



Anisotropic Fracture Problems
(3D FE, 1 fault, symmetric, anisotropic 1/5/10, not SPD, many singular blocks \

Size top separator GMRES iterations
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Matrix size Matrix size
With Bazyli Klockiewicz

ILU = I1LU(20, 10-3) + S_LSC
spaND = 0.05 RRQR + near kernel approx



Anisotropic Fracture Problems
(3D FE, 1 fault, symmetric, anisotropic 1/5/10, not SPD, many singular blocks \

Factorization time Solve time
5 T T T
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ILU = ILU(20, 103) + S_LSC

spaND = 0.05 RRQR + near kernel approx With Bazyli Klockiewicz



Conclusions and Future Work

* General algebraic algorithm, works on large class of problems

e Future work
* O(N log N) down to O(N) algorithm
* Potentially faster
* More scalable

* Parallel task-based version with TaskTorrent
(https://github.com/leopoldcambier/tasktorrent) runtime



https://github.com/leopoldcambier/tasktorrent
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